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Abstract
We derive two new identities involving the Bernoulli numbers, the Euler numbers,
and the Stirling numbers of the first kind using analytic continuation of a well known
identity for the Stirling numbers of the first kind.
1 Main results
Definition 1. The Stirling numbers of the first kind, denoted by s(n, k), are the coefficients
in the expansion of the falling factorial into powers of the variable x:
(x)n =
n∑
k=0
s(n, k)xk, (1)
where (x)n = x(x− 1)(x− 2) · · · (x− n+ 1) denotes the falling factorial of variable x.
Definition 2. The Bernoulli numbers Bn can be defined by the following generating function
t
et − 1 =
∑
n≥0
Bnt
n
n!
,
where |t| < 2pi.
Definition 3. The Euler numbers are a sequence of integers, denoted by En, which can be
defined by the following Taylor series expansion
1
cosh t
=
2
et + e−t
=
∞∑
n=0
En
n!
· tn,
where cosh t is the hyperbolic cosine.
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We prove the following identities.
Theorem 4. For all non-negative integers n we have
n∑
k=0
s(n, k)Bk =
(−1)nn!
n + 1
, (2)
n∑
k=0
s(n, k)
(2−k − 2)Bk+1
k + 1
=
(−1)n
n + 1
· 1 · 3 · 5 · · · (2n− 1)
2n+1
, (3)
and
n∑
k=0
s(n, k) · (1 + 2
−(k+1)(1− 2−k))Bk+1 + 4−(k+1)(k + 1)Ek
k + 1
=
(−1)n−1
4(n+ 1)
·
(
3
4
)(n)
, (4)
where x(n) = x(x+ 1)(x+ 2) · · · (x+ n− 1) denotes the rising factorial.
Proof. The Bernoulli polynomials {Bn(x)}∞n=0 can be defined by the following expansion
text
et − 1 =
∞∑
n=0
Bn(x)
tn
n!
, where |t| < 2pi. (5)
The Bernoulli polynomials satisfy [1]
Bk+1(x+ 1)−Bk+1(x)
k + 1
= xk. (6)
Using the above equation, and writing the falling factorial in terms of the binomial coefficient,
equation (1) can be written as
n! ·
(
x
n
)
=
n∑
k=0
s(n, k) · Bk+1(x+ 1)− Bk+1(x)
k + 1
.
Writting
(
x
n
)
=
(
x+1
n+1
)− (x
n
)
, and summing on both sides from x = 0 to y − 1 gives
n! ·
(
y
n + 1
)
=
n∑
k=0
s(n, k) · Bk+1(y)−Bk+1
k + 1
.
Writing the binomial coefficient on the left in terms of the Gamma function we obtain
1
n+ 1
· Γ(y + 1)
Γ(y − n) =
n∑
k=0
s(n, k) · Bk+1(y)− Bk+1
k + 1
.
2
Writing 1
Γ(y−n)
= sin(y−n)pi
pi
· Γ(n+ 1− y) we have
1
n + 1
· Γ(y + 1) · Γ(n+ 1− y)
pi
=
n∑
k=0
s(n, k) · Bk+1(y)−Bk+1
k + 1
· 1
sin(y − n)pi . (7)
Letting y → 0 on both sides of the above equation we get
n!
n+ 1
· 1
pi
= lim
y→0
n∑
k=0
s(n, k)
Bk(y)
cos(y − n)pi · pi
which gives us equation (2) after the fact that Bk(0) = Bk [2].
Substituting y = 1/2 in the equation (7) we obtain
(−1)n
n+ 1
Γ(3/2) · Γ(1/2 + n)
pi
=
n∑
k=0
s(n, k) · Bk+1(1/2)− Bk+1
k + 1
.
The left side of the above equation can be evaluated as
(−1)n
n + 1
Γ(3/2) · Γ(1/2 + n)
pi
= Γ2(1/2) · 1 · 3 · 5 · · · (2n− 1)
2n+1
· (−1)
n
pi(n+ 1)
.
Recalling that Bk+1(1/2) = (2
−k − 1)Bk+1 [2] we obtain our second result equation (3).
Substituting y = 1/4 in the equation (7) gives us
1
n+ 1
· Γ(5/4) · Γ(n+ 3/4)
pi
=
n∑
k=0
s(n, k) · Bk+1(1/4)− Bk+1
k + 1
· (−1)n ·
√
2.
The left side of the above equation can be evaluated as
1
pi(n+ 1)
· Γ(5/4) · Γ(n+ 3/4)
=
1
pi(n+ 1)
·
(
3
4
)(n)
· Γ(3/4) · Γ(5/4)
=
1
pi(n+ 1)
·
(
3
4
)(n)
· pi
2
√
2
.
The above allows us to deduce equation (4) after the fact [2] that
Bk+1(1/4)−Bk+1
k + 1
=
(−2−(k+1)(1− 2−k)Bk+1 − 4−(k+1)(k + 1)Ek − Bk+1)
k + 1
= −(1 + 2
−(k+1)(1− 2−k))Bk+1 + 4−(k+1)(k + 1)Ek
k + 1
.
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